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We establish a variational principle for properly mapping a fractional quantum Hall (FQH) state
to a fractional Chern insulator (FCI). We find that the mapping has a gauge freedom which could
generate a class of FCI ground state wave functions appropriate for different forms of interactions.
Therefore, the gauge should be fixed by a variational principle that minimizes the interaction energy
of the FCI model. For a soft and isotropic electron-electron interaction, the principle leads to a
gauge coinciding with that for maximally localized two-dimensional projected Wannier functions of
a Landau level.
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There has been a surge of interest in the realization
and exploration of exotic topological states in condensed
matter systems, such as quantum anomalous Hall insu-
lators [1, 2] and topological insulators [3, 4]. Recently,
theoretical studies reveal a class of topological systems
called fractional Chern insulator (FCI), which exhibits
fractionally quantized Hall effect in a periodic system
with a fractionally filled flat Chern band (FCB) [5–8].
While most of the studies so far are numerical simula-
tions [9], it is still a current interest to find a systematic
way to construct its ground-state wave function (GSWF)
analytically [10–16].
Qi proposes that the GSWF could be constructed from
ordinary factional quantum Hall (FQH) wave functions
(e.g. Laughlin’s wave function) [10]. Specifically, the
FQH wave function is expanded in a set of single-particle
bases of the lowest Landau level (LLL), which are substi-
tuted with a set of bases constructed from the FCB. The
approach is attractive because the ordinary FQH system,
i.e., a two-dimensional (2D) electron gas subjected to a
strong magnetic field with a fractionally filled LLL, is
unique in that we know how to construct its wave func-
tion and determine its various properties [17–20]. How-
ever, the approach has arbitrariness in how the basis sets
are mapped between the LLL and the FCB. Actually, Qi
adopts a mapping between one-dimensional maximally
localized Wannier functions [10], while Wu et al. de-
velop a more intricate mapping which is believed to pro-
vide a better GSWF [21, 22]. Although these approaches
achieve successes to a certain extent, choosing a rule for
the basis mapping is still largely empirical. It is desirable
to establish a general principle to determine the best way
to map a FQH wave function to its FCI counterpart.
In this Letter, we establish a variational principle for
properly mapping a GSWF of a FQH state in a continu-
ous space to a FCI in a discretized lattice. We survey the
most general form of the mapping by explicitly construct-
ing two-dimensional localized Wannier functions, using
which one could map a multi-band continuous model to
a FCB tight-binding (TB) model. We observe that there
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FIG. 1. (color online) The chiral pi-flux model [8]: (a) The
schematic diagram describes a square lattice with a chiral
pi-flux. Each unit cell contains two sites (A and B). The
nearest-next (NN) hopping amplitudes are t1 exp(ipi/4) in the
direction of the arrow (solid lines) and the next-nearest-next
(NNN) hopping amplitudes are t2 and −t2 along the dashed
and dotted lines, respectively; (b) The band structure when
t1/t2 =
√
2.
exists a gauge freedom in constructing the Wannier func-
tions, and the different gauges will result in TB models
of the same kinetic part but very different forms of in-
teractions. As a result, the gauge freedom should be
treated as variational parameters of the GSWF, and be
fixed by a variational principle minimizing the interac-
tion energy of the FCI model. For a soft and isotropic
electron-electron interaction, we show that the principle
leads to a gauge coinciding with that for maximally lo-
calized two-dimensional projected Wannier funtions of a
LLL.
We consider a general 2D tight-binding model,
Hˆ =
∑
k
aˆ†kh(k)aˆk + hˆint, (1)
where h(k) is a N ×N hermitian matrix, aˆ(k) (aˆ†(k)) is
an N -component annihilation (creation) operator at the
quasi-momentum k defined in a Brillouin zone. We can
diagonalize h(k) to give rise to a set of bands with disper-
sions n(k) and eigen-vectors un(k), n = 1 . . .N . We are
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2particularly interested in a class of FCB systems, which
have one or more isolated bands with nearly vanishing
dispersions and nonzero Chern numbers. When a FCB is
fractionally filled, the interaction hˆint may drive the sys-
tem to a FQH phase, as that happens in a fractionally
filled Landau level, resulting in a FCI. The interaction
is usually assumed to be hˆint =
∑
i,j,τ1,τ2
V τ1τ2(Ri −
Rj)nˆiτ1 nˆjτ2 , where nˆiτ is an electron number operator
at the τ -th site in the i-th unit cell with the lattice
vector Ri. We further assume that the energy scale
of the interaction is much larger than the bandwidth
of the FCB, but much smaller than band gaps separat-
ing the FCB from the other bands. In this case, it is
sufficient to consider a projection of the interaction to
the FCB: hˆPint = (1/N)
∑
k1,k2,q
M(k1,k2; q)ρˆk1,qρˆk2,−q,
where ρˆk,q ≡ dˆ†k+qdˆk, dˆ†k and dˆk are creation and annihi-
lation operators in the FCB, respectively, N is the total
number of unit cells, and the interaction matrix element
is:
M(k1,k2; q) =
∑
τ1,τ2
V τ1τ2q
u∗1,τ1(k1 + q)u1,τ1(k1)u
∗
1,τ2(k2 − q)u1,τ2(k2), (2)
where u1,τ is τ -th component of the eigen-vector for the
fractionally filled FCB, which is assumed to have index
n = 1, and V τ1τ2q =
∑
R V
τ1τ2(R) exp(−iq ·R).
To obtain a GSWF for the FCI model Eq. (1) from its
FQH counterpart, it is crucial to establish a proper map-
ping between the LLL to the FCB. Indeed, if we could
ever map a parent Hamiltonian of a FQH wave func-
tion (e.g., Laughlin’wave function) to the FCI model, we
would readily obtain an exact FCI GSWF by applying
the same mapping to the FQH wave function. Unfortu-
nately, this is not always possible by mapping the single-
particle bases only. Nevertheless, we can optimize the
approach by requiring that: (I) the mapping should map
a continuous model containing a LLL into a TB model
that has the exactly same form of the kinetic part of
Eq. (1), and map the LLL to the FCB; (II) among all
possible mappings satisfying (I), we should pick the best
one based on a general principle instead of ad hoc as-
sumptions.
By explicitly constructing a continuous model and
mapping it to the TB model, we will show that the
requirement (I) can be fulfilled. The construction also
makes clear that there exists a gauge freedom that can-
not be fixed by the requirement (I) only. As a result,
the most general form of the FCI-GSWF using the basis
substituting approach can be written as,
|Ψ[θ(k)]〉 =
∑
{k}
ei
∑
k θ(k)|{k}〉 [L〈{k}|Φ〉L] , (3)
where |Φ〉L is an ordinary FQH many-body wave function
defined on a torus, L〈{k}| is a Slater determinant of a
set of magnetic Bloch bases in the LLL with 2D quasi-
momentums {k}, and |{k}〉 is a Slater determinant with
the same set of quasi-momentums {k}, albeit constructed
from Bloch bases of the FCB model. In the formalism,
the mapping is achieved by substituting each magnetic
Bloch basis of the LLL with a Bloch basis of the FCB of
the same quasi-momentum. Different choices of {θ(k)}
will map the FQH wave function to different FCI wave
functions. It is easy to show that both Qi’s and Wu et
al.’s formalism could be cast to the form.
Equation (3) can also be considered as a trial wave
function for the FCI with variational parameters {θ(k)}.
To fix {θ(k)}, we can apply the variational principle of
the ground state energy. It is equivalent to minimize
functional:
Eint[θ(k)] =
1
N
∑
k1,k2,q
M(k1,k2; q)Π(k1 − k2; q)
× e−i[θ(k1+q)−θ(k1)+θ(k2−q)−θ(k2)], (4)
where Π(k1 − k2; q) = 〈cˆ†k1+q cˆ
†
k2−q cˆk2 cˆk1〉FQH , and cˆk
(cˆ†k) is annihilation (creation) operator of a magnetic
Bloch state of the LLL at quasi-momentum k. The cor-
relation function can be derived from the two-particle
reduced density matrix of the FQH state (see Eq. (11)).
With Eq. (4), we have a general variational principle to
fix θ(k), and fulfill the requirement (II).
The variational problem can be analytically solved for
a limiting case when the electron-electron interaction is
soft and isotropic, i.e., V τ1τ2q = V (q), and V (q) 6= 0 only
for qa 1, where a is the lattice constant of the system.
In this case, M(k1,k2; q) ≈ V (q) exp[i(Ak1 −Ak2) · q],
where Ak = i 〈u1(k) |∂ku1(k) 〉 is the Berry connection
of the FCB. We find that θ(k) can be determined by a
"Coulomb gauge" condition:
∇k ·
(−∇kθ(k) +Ak −ALk) = 0, (5)
where ALk is the Berry connection for the magnetic Bloch
band of the LLL. It can be shown that the gauge is
equivalent to that for constructing maximally localized
2D Wannier orbits projected to the FCB [23, 24].
To obtain these results, we first explicitly construct a
continuous model and map it to the TB model Eq. (1).
We define a Hilbert space spanned by a set of continuous-
space bases {ψnk(r), n = 1 . . .N}, and ψnk(r) =
ϕnk(r)χˆn, where ϕnk(r) is a Bloch wave function de-
fined in the real space with the same periodicity of the
FCI model, and χˆn denotes a N -component pseudo-spin
standard basis with 〈χn|χn′〉 = δnn′ . We require that
ϕnk(r) should give rise to the same Chern number Cn
as its FCI counterpart un(k), and be an eigenstate of
a hamiltonian hˆn with the same dispersion n(k). The
hamiltonian of the total system can then be written as
Tˆ = diag(hˆ1, ..., hˆN ), which is the continuous model to be
mapped to the TB model. It is easy to see that the choice
3of {ϕnk(r), hˆn} is not unique, and one can freely choose
a convenient one. For instance, for the FCB n = 1, if
C1 = ±1, one can choose ϕ1k(r) to be the the magnetic
Bloch wave function of the LLL, and hˆ1 the hamilto-
nian for an electron moving in a 2D plane subjected to a
uniform perpendicular magnetic field. The choice repro-
duces both the flat dispersion and the Chern number of
the FCB [27], and is the most convenient one for mapping
a FQH wave function defined on the LLL.
We map the continuous model to the TB model Eq. (1)
by constructing a set of 2D localized Wannier func-
tions. To do that, we need a set of Bloch wave func-
tions that are continuous and periodic functions of the
quasi-momentum in the Brillouin zone. However, due to
the topological obstruction of the nonzero Chern num-
ber, ψnk(r) cannot be both continuous and periodic [1].
Nevertheless, because we can freely choose a phase factor
for ψnk(r) at each k, we can regularize wave functions
{ψnk(r)}, following a procedure prescripted in Ref. 1
(see also Supplemental Material [24]), to make them con-
tinuous inside the Brillouin zone, and satisfying quasi-
periodicity conditions:
ψnk+K1(r) = ψnk(r),
ψnk+K2(r) = ψnk(r) exp(ik · a1Cn), (6)
where a1(2) andK1(2) are primitive lattice vectors in real
and reciprocal spaces, respectively. We can then define a
new set of Bloch wave functions:
φτk(r) =
N∑
n=1
ψnk(r)u
∗
n,τ (k), τ = 1 . . .N , (7)
where un(k) should also be regularized using the same
procedure as that for ψnk(r). As a result, it is also
continuous inside the Brillouin zone and satisfies the
same quasi-periodicity conditions as Eq. (6). It is easy
to verify that φτk(r) is both continuous and periodic
in the Brillouin zone. Using φτk(r), we can construct
a set of 2D localized Wannier functions wτ (r;R) =
(1/
√
N)
∑
k φτk(r) exp(−ik · R). Moreover, it is easy
to show that
〈φτ1k|Tˆ |φτ2k〉 =
∑
n
un,τ1(k)n(k)u
∗
n,τ2(k) = hτ1τ2(k),
(8)
i.e., using the {φτk(r)} as bases, the continuous model
Tˆ is mapped to the kinetic part h(k) of the FCI model
Eq. (1). With this, we explicitly demonstrate that we
can construct and map a continuous model containing a
LLL into a TB model that has the exactly same form of
the kinetic part of Eq. (1).
It now becomes clear that there exists a gauge free-
dom θ(k) indicated in Eq. (3), because we can re-
place un(k) → un(k)eiθn(k) (or equivalently, ψnk →
ψnk(k)e
−iθn(k) ), where θn(k) (θ(k) ≡ θ1(k)) is a contin-
uous and periodic (modulo 2pi) function of k, to obtain
another valid mapping. Different gauge choices do not af-
fect the mapping to the kinetic part of the FCI model, as
that is apparent from Eq. (8). However, they will lead to
different spatial distributions of the Wannier functions.
As a result, the mapping of the interaction part will sen-
sitively depend on the gauge choice.
To demonstrate the dependence, we explicitly dis-
cretize an interaction Vˆ (r, r′) = −V∇2rδ(r−r′) (V > 0),
which is the pseudo-potential for Laughlin’s state at fill-
ing factor ν = 1/3 [28]. For the TB model, we consider
a chiral pi-flux model [8], as detailed in Fig. 1. It is suf-
ficient to assume that the interaction resides only inside
the LLL, since only the interaction projected into the
FCB is relevant [9, 29]. In general, the mapping will gen-
erate an interaction more complicated than that assumed
in hˆint. However, for our demonstration purpose, we are
only concerned with the interaction matrix elements ap-
peared in hˆint:
V˜ τ1τ2(R1 −R2) = V
ˆ
dr(
∇
∣∣∣w(1)τ1 (r;R1)∣∣∣2) · (∇ ∣∣∣w(1)τ2 (r;R2)∣∣∣2) (9)
where w(1)τ (r;R) = (1/
√
N)
∑
k ϕ1k(r)u
∗
1,τ (k) exp(−iθ(k)−
ik ·R) is Wannier function projected to the FCB.
We first consider the case of θ(k) = 0. Such a
gauge actually corresponds to the one used in Qi’s pro-
posal [10, 24, 30]. We immediately observe that neither
spatial distributions of the Wannier functions nor the
mapped interaction V˜ τ1τ2(R) have four-fold symmetry
of the original FCI model, as shown in Fig. 2(a). It sug-
gests that if such a mapping could ever generate an exact
FCI-GSWF, the interaction of the FCI model should be
highly anisotropic.
The lack of the symmetry is not intrinsic. Actually, it is
easy to find a gauge θ(k) to make the density distribution
of w(1)τ (r;R) four-fould symmetric [24]. This is shown in
Fig. 2(b). For a typical FCI model which usually has
an interaction with the full symmetry of the underlying
lattice, one would expect that the latter choice of gauge
could generate a better GSWF for the FCI model.
The above observation suggests that different gauges
would give rise to FCI-GSWFs appropriate for different
forms of interaction. As a result, the gauge should be
fixed by the interaction part for a given FCI model. To
do that, we note that the mapping of the Bloch bases cor-
responds to a substitution of the creation (annihilation)
operator of the FCB by that of the LLL:
dˆk → cˆk, dˆ†k → cˆ†k. (10)
To take account of the gauge freedom, we apply the sub-
stitution u1(k) → u1(k)eiθ(k) in Eq. (2), resulting in
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FIG. 2. (color online) V˜ τ1τ2(R) mapped from the pseudo-
potential for Laughlin’s state at ν = 1/3, as a function of
distance R/a along four different directions ±45◦ and ±135◦
for (a) θ(k) = 0, and (b) symmetric gauge [24]. U0 = 0.7524V
is the strength of the on-site interaction. The inset contour
plots in (a) or (b) show spatial distributions of the two Wan-
nier functions for site-A and site-B, respectively.
an extra phase factor for the interacting matrix element
M(k1,k2, q). By applying the variational principle for
the ground state energy, and noting that the gauge free-
dom has no impact on the kinetic energy, it is straight-
forward to obtain the variational functional Eq. (4).
To evaluate the functional Eint[θ(k)], one needs to
determine the FQH correlation function Π(k1 − k2, q),
which is related to the two-particle reduced density ma-
trix ρ2(r′1, r′2; r1, r2) for the FQH state on a torus by
Π(k1 − k2, q) =
ˆ 2∏
i=1
dridr
′
iρ2(r
′
1, r
′
2; r1, r2)
× ϕ1k1+q(r′1)ϕ1k2−q(r′2)ϕ∗1k1(r1)ϕ∗1k2(r2). (11)
For a FQH state of the LLL, ρ2(r′1, r′2; r1, r2) can be fully
determined by its pair correlation functions [31]. Using
a general expression of the pair correlation function de-
veloped in Ref. 32, we can obtain a closed expression for
Π(k1−k2, q) [24]. We find that, in general, Π(k1−k2, q)
can be decomposed into:
Π(k1 − k2, q) = ν2 (δq,0 − δk1−k2+q,0)
+ e−i(A
L
k1+q
−ALk2 )·qΠ′(k1 − k2, q), (12)
where ν is the filling factor of the FQH state, ALk =
−C1a1(k · a2)/2pi is the Berry connection of the LLL,
and Π′(k1 − k2, q) is a periodic function of k1 − k2.
For the soft and isotropic electron-electron interaction,
we can assume that q is small when evaluating Eq. (4).
To the first order of 〈q2〉 ≡ ´ dqV (q)q2, we find that:
Eint ∝ 〈q2〉
∑
k1,k2
Π0(k1 − k2) (−∇k1θ(k1) + ∆Ak1)
× (−∇k2θ(k2) + ∆Ak1) +O
(〈q4〉) , (13)
where Π0(k1−k2) ≡ Π′(k1−k2,0)− δk1,k2
∑
k Π
′(k,0),
∆Ak ≡ Ak − ALk , and terms independent of θ(k) are
ignored. The functional can be rewritten as Eint ∝
〈q2〉∑R Π˜0(R)|iRθ˜(R) + ∆A˜R|2, where θ˜(R), Π˜0(R),
∆A˜R are Fourier transformations of θ(k), Π0(k), ∆Ak
with f˜(R) =
∑
k f(k) exp(ik · R), respectively. Noting
that Π˜0(R) ≥ 0 for all R, which is tested to be true for
ν = 1/3 and ν = 1/5 Laughlin’s states [24], we conclude
that the minimization of Eint is equivalent to minimizing
|iRθ˜(R) + ∆A˜R|2 for all R, which immediately leads to
the "Coulomb gauge" condition Eq. (5). Moreover, we
can show that the gauge is exactly the one which mini-
mizes the total extent of the projected Wannier functions
r2w ≡
∑
τ
´
dr|w(1)τ (r,0)|2r2. It is interesting to observe
that in this limiting case the proper choice of the gauge
is fully determined by the topology of the FCB, indepen-
dent of the FQH state to be mapped. However, for the
more general form of the interaction, we expect that the
dependence would emerge.
To conclude, we have established a variational princi-
ple to fix the gauge freedom when constructing ground-
state wave functions for fractional Chern insulators by
mappings from fractional quantum Hall states. Our the-
ory is built upon the general variational principle of the
ground state energy, free of ad hoc assumptions. It sug-
gests that the proper mapping is not solely determined
by quantities of the band topology such as Berry con-
nection and Berry curvature, in contrast to the assump-
tion of most of previous theoretical efforts. In general,
it also depends on the form of the interaction and the
FQH state to be mapped. All these factors should be
considered in a unified variational principle minimizing
Eq. (4). Moreover, with Eq. (3), we have a understand-
ing on the general structure of FCI-GSWF. This could
be useful if we would want to develop an scheme (e.g., a
counterpart of the composite fermion picture) to directly
construct FCI-GSWF at the level of the TB model. Fi-
nally, we show that the gauge for the maximally localized
(projected) Wannier orbits, which are widely adopted in
first-principles calculations [23], could naturally emerge
as the gauge choice for soft and isotropic electron-electron
interactions in this particular problem.
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SUPPLEMENTARY INFORMATION FOR "MAPPING A FRACTIONAL QUANTUM HALL STATE TO
A FRACTIONAL CHERN INSULATOR”
In this supplemental material, we show the procedure to obtain the initial gauge used in the main text, and its
relation to the gauge in Qi’s proposal. We also show how a symmetric gauge used in Fig. 2(b) for the chiral pi-flux
model could be constructed. We will obtain a closed expression for Π(k − k′, q). Finally, we show that "Coulomb
gauge" condition is equivalent to that for constructing maximally localized projected Wannier functions.
The procedure for regularizing U(1) phases of Bloch wave functions
Thouless shows that the phase factors of the Bloch wave functions can be assigned by imposing the constraints [1]:
〈ψ0,k2 |∂k2 |ψ0,k2〉 = 0, (S1)
〈ψk1,k2 |∂k1 |ψk1,k2〉 = 0, (S2)
where k1(2) ∈ [0, 1] denotes two components of the quasi-momentum, and k = k1K1 + k2K2. The resulting Bloch
wave functions will be continuous inside the Brillouin zone, and satisfying the quasi-periodicity conditions:
ψk+K2(r) = exp(iδ0)ψk(r), (S3)
ψk+K1(r) = exp(iδ(k2))ψk(r), (S4)
and δ(k2 + 1) = δ(k2)− 2piC, where C is the Chern number of the band.
We can make a further transformation:
ψk(r)→ ψk(r) exp
(
− i
2pi
k · (a2δ0 + a1δ(k2))
)
. (S5)
6It is easy to verify that the wave functions satisfies the quasi-periodic condition Eq. (6) of the main text. This is the
initial gauge used in the main text
For a rectangular Brillouin zone, the gauge obtained from the above procedure can be explicitly written as,
ψ(k)→ exp
(
−iδ(ky) kxKx − i
δ0ky
Ky
)
exp(i
´ kx
0
dpxax(px, ky)) exp(i
´ ky
0
dpyay(0, py))ψ(k), (S6)
where a(k) is the Berry connection of the initial Bloch wave functions, and δ0 =
´Ky
0
dpyay(0, py), δ(ky) =´Kx
0
dpxax(px, ky). It is exactly Qi’s generic gauge (See Ref. [30] in the main text, the gauge used in Ref. [10]
can be obtained by setting ay = 0).
The magnetic Bloch wave function of the LLL in the initial gauge for a rectangular Brillouin zone can be written
as,
ϕk(r) =
1√
Nxpi1/2lMLy
∑
l∈Z
exp (−iakxl + i(ky + lKy)y) exp
(
− (x+ (ky +Kyl)l
2
M )
2
2l2M
)
, (S7)
where lM is the magnetic length, and Ly is the length of the system along y-direction. For given periodicity, 2pil2M = su,
where su is the area of a unit cell.
Symmetric Gauge
In this section, we show how to find a symmetric gauge for the chiral pi-flux model. Because of c2z symmetry of
the TB model, the Bloch wave functions of k and −k is related by,
u(−k) = exp(iϑ(k))
[
exp(−ik · a2) 0
0 exp(−ik · a1)
]
u(k) (S8)
where ϑ(k) can be determined numerically and is found to be periodic function of the momentum. To obtain symmetric
Wanneir functions, we eliminate ϑ(k) by a gauge transformation u(k)→ u(k) exp(iθ(k)), and
θ(k) = −ϑ(k)
2
. (S9)
By noting that ϕk(−r) = ϕ−k(r), it is easy to verify that the Wannier functions have the following symmetry:
Pc−12z
[w1(r;R), w2(r;R)] = [w1(r; c2zR− a2), w2(r; c2zR− a1)]. (S10)
The symmetry is sufficient to make the interacting matrix elements symmetric.
The calculation of the closed expression for Π(k − k′, q)
In this section, we obtain a closed form for the correlation function Π(k − k′, q). The two-particle density matrix
is defined as
ρ2(r1, r2; r
′
1, r
′
2) = Ne(Ne − 1)
ˆ Ne∏
j=3
drjΦ
∗
ν(r1, r2, r3...rNe)Φν(r
′
1, r
′
2, r3, ..., rNe). (S11)
The analytic property of the many-body wave function in the LLL allows us relating the two-particle density matrix
to the pair correlation function (see Ref. [32] of the main text). This is because a many body wave function in the
LLL can always be written as (for the gauge Ax = −By, Ay = 0),
Φν(r1, ..., rNe) = exp
− Ne∑
j=1
x2j
2l2M
G(z1, ..., zNe), (S12)
where the G(z1, ..., zN ) is an holomorphic function about zj = yj + ixj (j = 1, ..., Ne). As a result, the two-particle
reduced density matrix must have the form,
ρ2(r1, r2; r
′
1, r
′
2) = exp
(
−x
2
1 + x
2
2 + x
′2
1 + x
′2
2
2l2M
)
F (z¯1, z¯2; z
′
1, z
′
2), (S13)
7where F (z¯1, z¯2; z′1, z′2) is analytic for each argument. Because the diagonal element of reduced density matrix is
proportional to the pair correlation function g(r), we have
F (z¯1, z¯2; z1, z2) = n
2g(r) exp
(
− (z1 − z¯1)
2 + (z2 − z¯2)2
4l2M
)
, (S14)
with r2 ≡ (z1 − z2)(z¯1 − z¯2). The full form of F (z¯1, z¯2; z′1, z′2) can be obtained by a substitution z1(2) → z′1(2) in the
above expression. After substituting it back into Eq. (S13), we obtain the two-particle reduced density matrix:
ρ2(r1, r2; r
′
1, r
′
2) = n
2 exp
− ∑
j=1,2
(xj − x′j)2 + (y′j − yj)2 + 2i(x′j + xj)(y′j − yj)
4l2B
 g(r), (S15)
with r2 ≡ (z′1 − z′2)(z¯1 − z¯2).
The pair distribution function g(r) can in general be written as the form [2],
g(r) = 1− exp(− r
2
2l2M
) + 2
∞∑
k=0
c2k+1
(2k + 1)!
(
r2
4l2M
)2k+1 exp(− r
2
4l2M
) (S16)
with the coefficients c2k+1 tabulated in Ref. [2] for filling factors ν = 1/3 and ν = 1/5.
To calculate the correlation function Π(k−k′, q), we substitute Eqs. (S7) and (S15) into Eq. (11) of the main text.
We introduce an auxiliary pair distribution function
g(r, α) = exp
(
− (1 + α)r
2
4l2M
)
, (S17)
and calculate the corresponding auxiliary correlation function. After collecting all terms, we find that,
Π′(k, q) = 2
∞∑
k=0
c2k+1
(2k + 1)!
(− ∂
∂α
)2k+1Π′(k, q;α)|α=0 (S18)
and,
Π′(k, q;α) = ν2
4pil2M
LxLy
1
1 + α
exp
(
−pi 1− α
1 + α
q2
KxKy
)
ϑ3
(
kx + qx
Kx
− i1− α
1 + α
qy
Kx
∣∣∣∣ i1− α1 + α KyKx
)
ϑ3
(
ky + qy
Ky
+ i
1− α
1 + α
qx
Ky
∣∣∣∣ i1− α1 + α KxKy
)
, (S19)
where the Jacobi theta function is defined as ϑ3(z|τ) =
∑
n∈Z exp(ipiτn
2) exp(2piinz).
Alternatively, the correlation function can be written as,
Π′(k, q) =
1
N
∑
R
Π˜′(R, q)e−ik·R (S20)
Π˜′(R, q) = 2ν2 exp
(
−iq ·R− 1
2l2M
(
R− zˆ × ql2M
)2) ∞∑
k=0
c2k+1L2k+1
(
1
l2M
(
R− zˆ × ql2M
)2)
, (S21)
where Ln(x) is a Laguerre function.
It is easy to see that,
Π˜0(R) ≡ Π˜′(R, 0)− Π˜′(0, 0), (S22)
which is shown in Fig. S1 for the filling factors ν = 1/3 and ν = 1/5. Obviously, Π˜0(R) is always positive for these
filling factors.
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FIG. S1. Π˜0(R) for FQH liquid as a function of R/lM at ν = 1/3 (solid line) and ν = 1/5 (dashed line).
Gauge condition for the maximally localized projected Wannier functions
In this section, we will show that the "Coulumb gauge" condition will minimize the extent of the projected Wannier
functions. It is easy to show that:
r2w =
∑
τ
[
1
N
∑
k
〈∂kφ˜τk| · |∂kφ˜τk〉
]
(S23)
where φ˜τk(r) = exp(−ik · r)ϕ1k(r)u∗1,τ (k) is periodic part of Bloch functions φτk(r) projected into FCB. Under a
gauge transformation u1τ (k)→ u1τ (k) exp(iθ(k)), the extent of Wannier function becomes
r2w → r2w +
∑
k
(
(ALk −Ak + ∂kθ(k))2 − (ALk −Ak)2
)
. (S24)
Minimizing r2w over θ(k) leads to condition:
∇k · (Ak −ALk −∇kθ(k)) = 0, (S25)
which is exactly the "Coulumb gauge" condition Eq. (5) of the main text.
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